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Abstract 



We establish the conditions for supersymmetric domain wall solutions to A/" = 4 
gauged supergravity in five dimensions. These read as BPS first-order equations 
for the warp factor and the scalar fields, driven by a superpotential and sup- 
plemented by a set of constraints that we specify in detail. Then we apply our 
results to certain consistent truncations of JIB supergravity, thus exploring their 
dual field theory renormalization group flows. We flnd a universal flow deforming 
superconformal theories on D3-branes at Calabi-Yau cones. Moreover, we ob- 
tain a superpotential for the solution corresponding to the baryonic branch of the 
Klebanov-Strassler theory, as well as the superpotential for the flow describing 
D3 and wrapped D5-branes on the resolved conifold. 
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1 Introduction 

According to the gauge/gravity correspondence, domain wall solutions in (super) gravity 
theories describe dual renormalization group (RG) flows in which the extra radial coordinate 
plays the role of the energy scale. Some important early examples for the development of 
these concepts include [U [2] . In these references, the domain wall interpolates between two 
AdS solutions and is dual to an RG flow between two different conformal field theories. More 
sophisticated flows, displaying remarkable properties like conflnement and chiral symmetry 
breaking, can be constructed based on the conifold geometry [31 [H El [SI [Z] • 
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In this paper we will develop a systematic approach to this important class of solutions 
in five-dimensional, A/" = 4 (i.e. half-maximal) gauged supergravity. For our purposes, a 
(fiat) domain wall will be a gravitational solution that preserves four-dimensional Poincare 
invariance. The general form of the metric thus reads 

ds' = e^^^'Us^R''') + dr' (1.1) 

where A is a warp factor, function of the radial coordinate r. These metrics are typically 
supported by a set of scalar fields (p^ with a radial profile. An important subclass of domain 
walls is obtained when the scalar potential can be written, in a very specific way, in terms of a 
real function, W{(j)), known as the superpotential. In this case, the second-order equations of 
motion can be solved by imposing a BPS-like condition, which ensures gravitational stability 
and reads as first-order equations for the radial evolution of the domain wall [Ej: 

A' = W, (j)'" = -3g''ydyW , (1.2) 

where g^y is the scalar kinetic matrix. The superpotential itself is a noteworthy quantity: 
it defines the tension of the domain wall and provides a monotonic c-function for the dual 
RG fiow. The conditions above emerge naturally when supersymmetry is present: the su- 
perpotential and the first-order fiow equations arise from the vanishing of the fermionic susy 
variations. Supergravity provides thus a natural setup to look for them [Hj. Nevertheless, 
given the scalar potential, a superpotential W reproducing it is not necessarily unique nor 
related a priori with supersymmetry. 

An analysis of supersymmetric domain walls in five-dimensional M = 2 supergravity 
was done some time ago in [101 HI]- The results of [H] were recently applied in [12] to 
study domain walls in the M = 2 truncations of [l^, lifting to type IIB solutions based on 
the conifold geometry. Nonetheless, the various conifold solutions are contained in different 
M = 2 truncations, and the one describing the baryonic branch of the Klebanov-Strassler 
theory, found in [7] building on a proposal of [H], falls outside the setup of [12]. However, 
a larger consistent truncation has been established that preserves A/" = 4 supersymmetry 
and includes all known conifold solutions [T3l [15] . This Af = 4 theory thus provides the 
proper framework for a unified, systematic study of the supersymmetry properties of those 
solutions. Working in this setup, besides giving a genuine supergravity origin to the known 
superpotentials (which were derived by other means), we will provide a superpotential for 
the solution of [7], clarifying an issue recently put forward in the literature fTIj [TB] . 

The conifold solutions preserve four supercharges, and as we will see 1/4 BPS domain 
walls emerge naturally in A/" = 4 gauged supergravity. Our general analysis is inspired by [IT] , 
but is considerably more involved, since in our case the R-symmetry is USp(4) rather than 
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just SU(2), and three-quarters of the supersymmetry is broken. Some results on 1/2 BPS 
domain walls in A/" = 4 appeared in [T7] . 

The paper is divided in two distinct parts. In the first we analyze the general construc- 
tion of supersymmetric domain walls in five-dimensional, JV = 4 gauged supergravity. As we 
summarize in section 3^, we find that the necessary and sufficient conditions for supersym- 
metry to be preserved take the form of first-order flow equations for the warp factor and the 
scalar fields, generated by a superpotential computed as an eigenvalue of the gravitino shift 
matrix. In addition, we obtain a set of algebraic constraints involving the scalars. Moreover, 
the J\f = 4 supersymmetry parameter is constrained in such a way that four supercharges 
are generically preserved. 

In the second part, we focus on two distinguished A/" = 4 supergravity models. These are 
significant because they can be obtained as consistent truncations of type IIB supergravity, 
meaning that any solution to the five-dimensional theory is automatically a solution to the 
ten- dimensional one. The first model arises from dimensional reduction on any manifold 
admitting a Sasaki-Einstein structure as described in [TSl By implementing our BPS 
conditions, we provide its most general supersymmetric domain wall solution. This describes 
universal deformations of the superconformal field theories on D3-branes at the tip of Calabi- 
Yau cones. Tuning a parameter corresponding in type IIB to an imaginary self-dual three- 
form flux, this new flow interpolates between the solution in [20l |2T] and the one in |22] . 

The second model is an extension of the preceding one when the base of the conifold is 
chosen as internal Sasaki-Einstein geometry. Its coset structure permits an SU(2)xSU(2) 
left-invariant reduction that enlarges the consistent truncation to include a new vector mul- 
tiplet along with new gaugings [131 US]- One can see this truncation as an A/" = 4 super- 
symmetrization of the Papadopoulos-Tseytlin (PT) ansatz [23], which encompasses all the 
celebrated conifold solutions. Again, by implementing the general conditions found in the 
first part of the paper, and exploiting the A/" = 4 structure identified in [13], we study the 
domain walls within the PT subsector of the model. The various conifold solutions arise 
by solving the algebraic constraints in diverse manners, and their previously known super- 
potentials, obtained with different procedures, are given an explicit supergravity origin in 
this context. In this way, we extract the superpotential that generates the flow describing 
the baryonic branch of the Klebanov-Strassler theory, which was previously unknown. Fur- 
thermore, we obtain the superpotential for a supersymmetric solution describing D3 and 
wrapped D5-branes on the resolved conifold, that differs from the non-supersymmetric one 
in [6]. 

The paper is organized as follows. In section |2] we present the theory under study, 
i.e. five-dimensional. A/" = 4 gauged supergravity. The main results regarding the general 
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analysis of BPS domain walls are stated in section |3| where we also present the analysis 
of the supersymmetry equations from the gravity multiplet. In sections |4] and |5] we apply 
our general conditions to the consistent truncations of type IIB string theory and construct 
their superpotentials and domain wall solutions. We conclude in section [6j Some technical 
details on the Af = 4 scalar manifold are given in appendix while appendix |B] contains 
the comprehensive analysis of the gaugino equation. 



2 Af = A gauged supergravity in five dimensions 

The ungauged A/" = 4 supergravity theory in five dimensions was constructed in [23] , together 
with its SU(2)-gauged version. The generally gauged theory was given in [25], and further 
extended in [26] by using the embedding tensor formalism (see e.g. [27] for a review). In the 
following, we provide a compendium of the features that will be relevant. Since we will study 
domain wall solutions in which only the metric and the scalar fields acquire a non-trivial 
profile, it will be sufficient to discuss the couplings of the scalars and their appearance in 
the supersymmetry transformations of the fermions. 

2.1 Geometry of the scalar manifold 

The scalars of five-dimensional JV = A supergravity coupled to n vector multiplets define a 
cr-model whose target manifold is 

■ = «°'^'')>' S0(5'?XS0(„) - <2-^> 

The S0(1, 1) factor is parameterized by a real scalar a, being part of the gravity multiplet, 
while the second factor is parameterized by real scalars 0^, a; = 1, ... , 5n, being part of the 
vector multiplets. The sol^^)xSO{n) '^*^set representative is (Vj\/-, Va/"), where M = 1, . . . , 5 + n 
labels the standard representation of S0(5, n), while a = 1, ... ,5 and a = 1, . . . , n label the 
representations of S0(5) and SO(n), respectively. So we have that the global S0(5,?t,) acts 
from the left, while the local S0(5)xS0(n) acts from the right. 

The coset manifold is equipped with an invariant metric and an S0(5) x SO(n) composite 
connection. These are encoded in the one-form V~^dV, which takes values in the so(5,n) 
algebra and can be expressed as 

V-'dV = 2v''kab-u;''Hab + co^U, (2.2) 

where we are splitting the Imn generators of so(5,n) into so(5) generators tab, so{n) genera- 
tors tab and coset generators tab ■ For definiteness, we work in the fundamental representation 
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(tMN)p'^ = ^^M^N]p^ where rj = diag{ h . . • +} is the S0(5,n) metric. In our 

expansion above, 

- (V-^V)"^ (2.3) 



ab „.aa j ix 



V - = V. 

are the coset vielbeine, while 

= (v-^v)^, co''^ = (y-^dvy^ (2.4) 

are the SO (5) and SO(n) pieces of the connection, respectively. The vielbein defines an 
invariant metric g^y on the coset via 

= 9xy, (2.5) 

and satisfies 

yaa^xbb ^ ^ab^ab_ ^2.6) 

The R-symmetry group of A/" = 4 supergravity in five dimensions is Spin(5) ~USp(4). 
We denote by i,j = 1,...,4 its spinorial representation, in which the fermion fields as well 
as the supersymmetry parameters transform. In order to switch from spinor to vector rep- 
resentation, we use the Clifford map defined by the Cliff (5) Dirac matrices {T-)iK This acts 
on an antisymmetric p-tensor Ta^...a^ as 

where F "^'""^ is the antisymmetric product of p F-matrices. For instance, for the vielbein we 
hav43 

^aij ^ y^^Yj^. (2.8) 

Using the properties of the F-matrices summarized in appendix |A| the relations (2.5), ( |2.6 ) 
can equivalently be expressed as 

v^^v'^,^ = Ag^y , vTH^\i = 5^' {A5% - n^^u) • (2.9) 

Here, VL is the USp(4) invariant tensor, satisfying 

VLij = -Vtji , = Vl'^ , VtijVt^^ = . (2.10) 



^We will have one exception to (2.7): in order to match the expressions in [53], we introduce a factor of 
1/2 in the Clifford map for the coset representative, i.e. we define 
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This is used to raise and lower the indices, according to the NW-SE rule 

V' = ^r^Vj , Vi = v^ji . (2.11) 

We will often omit the USp(4) spinorial indices It is understood that USp(4) matrices 
5*, T are multiplied according to the rule Si'Tk^ . On the other hand, we will always explicitly 
display the vectorial indices a, h. The a, h (as well as the a, h) indices are always raised and 
lowered with the Kronecker delta. Further useful relations satisfied by the quantities defined 
above are given in appendix \K\ 

2.2 Supersymmetry transformations 

Once the number of vector multiplets is fixed, the A/" = 4 gauged supergravity theory is fully 
characterized by the embedding tensor, which is a constant matrix specifying how the gauge 
group is embedded into the global symmetry group S0(1, 1) x S0(5,n). The embedding 
tensor assigns charges to the different fields, and appears in various terms of the gauged 
supergravity action (gauge covariant derivatives, fermion mass terms, scalar potential) as 
well as in the supersymmetry transformations, where the extra terms due to the gauging 
are known as fermionic shifts. As in [2^, we denote its components by f^^^^ = jWNP]^ 

In the following we provide the supersymmetry transformations of the fermions, which 
will be our starting point for the analysis of supersymmetric domain walls. The M' = 4 
supergravity fermions are the gravitini ip^i, the spin 1/2 fermions Xj? both sitting in the 
gravity multiplet, and the gaugini A" in the vector multiplets. Note that they all carry a 
USp(4) index. Moreover, they are all symplectic-Majorana. We will restrict to the case in 
which all the one- and two-form fields in the theory, as well as the components of the 
embedding tensor, vanish. Then the variations given in [26] read 

6ij,i = D^e,-'-gP^^,e,, (2.12) 
SXi = -'-rd^^cre^ + ^gd^Pr^ej, (2.13) 

= -'-l^d,rv:,,e^~gPVe,, (2.14) 

where the Af = 4 supersymmetry parameter is also a USp(4) symplectic-Majorana spinor, 
7'^ are the Cliff(l,4) Dirac matrices, g is the gauge coupling constant (assumed positive), 
and we introduced 

S = e'^/^. (2.15) 
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The derivative is covariant both with respect to the S0(l,4) Lorentz and the USp(4) R- 
symmetry transformations on the spinor e^. Moreover, we defined the gravitino shift matrix 

p,, = p^r^,,-, (2.16) 

with 

pah ^ vi2^afe i — Ig afccde r ede 

■~ 6^2 36 ^ ' ^ ' ' 

where we are using the "dressed" components of the embedding tensor 

cab . (^MA^-x 1 a-\j b fabe . fMNP-\j a-\} b-\) e -\Q\ 

The USp(4) matrix Pij is going to be our "matrix superpotential" , out of which we will 
extract the actual superpotential generating the fiow equations. We have also introduced 
the gaugino shift matrix 

P^^ := A^S^e^^^VA/V^., + S-V^'^Va/Vjv.'Vp,,-. (2.19) 
v2 

This can only in part be written as a derivative of the gravitino shift (see appendix [bJ . 

3 Supersymmetric domain walls 

In this section, we come to study the conditions for supersymmetric domain walls. 

3.1 General strategy and preliminary decomposition 

We specialize to a (fiat) domain wall ansatz, namely we take a spacetime metric of the 



form (1.1) and we assume that all scalars as well as the supersymmetry parameter just 
depend on the fifth, radial coordinate r. We also switch off all one- and two-forms in the 
theory. 

The supersymmetry conditions follow from setting to zero the fermion variations given 
in the previous section. In detail, the M^'^ components of the gravitino variation (2.12) yield 



the condition 

-A'^5e^ + g^P^'e, = 0, (3.1) 
while the radial component imposes 

e\ + <P^'ujJe, - '-g P,^^,e, = , (3.2) 
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where we recall that u^i-^ is the S0(5) connection on the scalar manifold. The variation (2.13) 
of the other fermion in the gravity multiplet yields 



a' -i^et + ?>ig daPi' tj = 0, (3.3) 



and finally the gaugino variation (2.14) gives 



#"<i,75e^ + 2^?PVe,- = 0. (3.4) 



A special role in our analysis will be played by the gravitino shift matrix (2.16), (2.17). 
As we will show, fixing it generically reduces the R-symmetry of the solution from USp(4) to 
U(l), namely it produces 1/4 BPS configurations. Furthermore, its eigenvalues correspond 
to the possible superpotentials generating the flow equations. In the following, we split the 
gravitino matrix in a way that is most suitable for making these features manifest. 

Let us first describe how a USp(4) — SU(2) breaking is defined. The gravitino shift 
matrix can be used to construct an SO (5) vector 

= e^PtcPde, (3.5) 

whose norm is 



|X| = s^X<^X^ = ^8 {P'^Pat? - IGP'^PbcP'^Pda . (3.6) 
Away from the zero locus, we can introduce a normalized vector 

X = X /\X\. (3.7) 

which pointwise on the scalar manifold specifies a preferred direction in and therefore an 
SO (4) subgroup of the R-symmetry group SO (5). On the spinors, this defines a reduction 
USp(4) — )• SU(2)+ X SU(2)_, where the plus and minus refer to the chiralities defined by 
Xi^ = XaT-i^ . The projectors over these SU(2)-|- are 

n±.^' = ^{6,'±X,^) (3.8) 

(note that the projector condition 11^ = II-i- is satisfied since Xi'^X^^ = 6i^). As we will 
see, on supersymmetric domain walls either one of these projectors acts on the Usp(4) 
supersymmetry parameter, constraining it to be an SU(2) spinor. 

The matrix P actually constrains the supersymmetry parameter even further. We note 
that P— lives in the so (4) identified by X, since it is satisfied that 

XaP'^ = 0, (3.9) 



8 



which follows from the definition of X together with the identity e^^^TabTcdTef = , holding 



for any antisymmetric tensor Tab in five dimensions. Note that (3.9) can also be written as 

XP = PX . (3.10) 
Hence the P matrix can be decomposed as the sum of two matrices in so(4) = su(2)_|_©su(2)_: 

P = P+ + P-, (3.11) 

with the su(2)-|- components being 

P± := Pn± = n±P. (3.12) 

Squaring P = PabT—, we fincj^ 

p2 = -2P^P^^l4 + X. (3.13) 
Noting that P+P- = 0, we deduce 

P| = -WlU±, (3.14) 
where we defined the real functions of the scalar fields 



W± = \ 2P'^PabT\X\ 



2 P^Pab T ^J8 {P'^Pat? - 16 P^Pb_cP^Pda • (3.15) 

One can see that +W± and —W± coincide with the four real eigenvalues of the hermitian 
matrix iP. Either or will play the role of the superpotential generating the fiow 
equations. For W± ^ 0, we can introduce normalized matrices 

Q± = (3.16) 

which satisfy 

Ql = n± (3.17) 

as well as 

XQ± = Q±X = ±Q±. (3.18) 

^The fact that the square of the gravitino shift matrix P is not just proportional to the identity is a 
crucial difference with respect to the Af — 2 analysis of [TT]. Of course, this is because the former is a USp(4) 
matrix while the latter is an SU(2) matrix. This also motivates why in the J\f = 4 case we generically obtain 
1/4 BPS domain walls while in the J\f = 2 case 1/2 BPS configurations are found. 



9 



So we have 

P = -iW+Q+-iW^Q_. (3.19) 

As we will discuss below, the Q matrix will be involved in an algebraic constraint acting on 
the USp(4) spinor parameter, breaking the R-symmetry of the solution down to U(l). 

It will be useful to also introduce generators {L^)i-' , r = 1,2, 3, for the su(2)-|- subalgebras 
of so(5) identified by X. These verifjj^ 

XL^t = L^X = ±Ll, (3.21) 

L;L^ = - 5''n± + e'^'L'^ , (3.22) 

LIL'_ = 0, (3.23) 

together with the completeness relation 

Ll^.Ll"' = 2n±/'=n±/). (3.24) 

So our P can be written as 

P = PIL\ + PLU'_ = -iW+QlLl - iW^QLL'_ . (3.25) 

Having split the gravitino shift matrix in a suitable way and having introduced the main 
characters playing a role in our analysis, we can now present our results. 



3.2 The necessary and sufficient conditions 



Our main result in this first part of the paper is that the equations (3.1 )-(3.4) for a supersym- 
metric domain wall in A/" = 4 gauged supergravity are equivalent to a system of first-order 
flow equations for the scalar fields, generated by the superpotential W+, or W_, introduced 



in eq. (3.15) above, and supplemented by a set of constraints. Specifically, if W+ is chosen. 



^ An explicit realization of these su(2)-|- generators is the following. First we note that the unit SO (5) 
vector X can be put along e.g. the fifth direction by exploiting the local SO (5) symmetry transformations 
which act on the S0(5, rt)/(S0(5) x S0(r7,)) coset representative from the right. This could in principle be 
done only at a fixed value of the S0(1,1) scalar a, because a priori X depends on it. However, in our analysis 
we will find that on supersymmetric domain walls, X has to be independent of cr, see eq. (3.29) below. Hence 
we can take Xa — 6^ , or in spinorial indices Xi^ = . Then the su(2)± generators can be taken as: 



2 



r34) , 



2 



r24) 



(3.20) 
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we find the conditions 



A = ±gW+, (3.26) 

a' = T^9d„W+, (3.27) 

r' = T^gg'^'dyW^, (3.28) 

together with 

d^X = {] = d„Q\ , (3.29) 

r'D^X = = r'D,Q\, (3.30) 
(which can equivalently be written as dcrQ+ = and ip^' DxQ+ = 0, respectively) and 

e-Xa = , (3.31) 
r^Ll^ {6^- + QlQl) = . (3.32) 

In the last two relations we used the dressed components of the embedding tensor 

<; - ■= q Vm Vn^, J ^ ■= j Vn^Vp'- [6.66) 
Moreover, the M = ^ supersymmetry parameters are constrained by 

g+,^e, = ±756,, (3.34) 

which means that the domain wall preserves four out of sixteen supercharges, i.e. it preserves 
M = 1 supersymmetry. This can be seen by first noting that by eq. (3.17) our constraint 
implies Xi^ej = €{. This means that the supersymmetry parameter e^, which generically is 
a USp(4) symplectic-Majorana spinor carrying sixteen real degrees of freedom, is actually 
restricted to be an SU(2) symplectic-Majorana spinor, carrying eight real degrees of freedom. 
Then one observes that on such spinors Q+ squares to the identity and therefore (3.34) 
defines a projector halving the number of degrees of freedom, so that we are left with four 
independent supercharges. 

As we will discuss below, these supersymmetry conditions imply the equations of motion 
of A/" = 4 supergravity and we therefore have a full solution of the five-dimensional theory. 

A few comments on the constraints. The first condition (3.29) tells us that the choice of 
so (4) C so(5) does not depend on cr, while the second one constrains the projector related to 
the domain wall direction]^ Conditions (3.30) tell that X and Q are constant with respect to 

^The latter is analogous to the condition dxQ^ = found in the J\f ~ 2 analysis of JA^, while the former 
was not present in that case. 
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the SO (5) covariant derivative evaluated along the flow. Finally, for each value of the index 
a, namely for each vector multiplet, eq. (3.31) states that the so(5) vector is orthogonal 



to Xa, while (3.32) tells that the su(2)_,_ piece of the so(5) algebra valued matrix f"-— has to 
be along Q . 



If W- is chosen instead of one has the same conditions ( 3.26 )-( 3.34), with the only 
change that iy+,(5+,L!j_ are everywhere replaced by W-,Q-, Ui, respectively. Notice that 
in this case XJe^ = — e,-. 



The flow equation (3.26) for the warp factor, the one (3.27) for the scalar a, and the 



constraints (3.29), (3.30), (3.34), arise from the supersymmetry variation of the fermions 
in the N' = 4 gravity multiplet. This is proved in the next section. The other conditions. 



namely the flow equations for the remaining scalar fields (3.28 ) and constraints (3.31 ), (3.32 ) 



come from the variation of the gaugini in the vector multiplets. The complete proof of this 
statement is very non-trivial, and represents a major piece of our analysis; however since 
it involves many technical steps we present it in appendix |Bj There, we also show that the 



second in (3.30) is implied by the gaugino equation (see eq. (B.28)), so it does not need to 
be checked independently. 

Finally, we remark that the results above assume |X| ^ 0. In the special case \X\ = 0, 
which implies X = 0, the projection II-i- on SU(2)_|_ cannot be defined and the analysis 
proceeds in a slightly different way. Though in this case we have not performed a complete 
study of the constraints arising from the gaugino equation, one can see that the first-order 
flow equations for the warp factor and the scalar fields still hold, but at the place of W± there 
is just one possible superpotential, W = a/ 2PabP—, and the gravitino shift matrix can be 
written as P = —iWQ, with = I4. The only constraint on the supersymmetry parameter 
from the gravitino equation is Qi-'ej = 7564, which is a projection halving the amount of 
supersymmetry. So in this |X| = case we expect 1/2 BPS domain walls, preserving eight 
Poincare supercharges. 

3.3 Analysis of the equations from the gravity multiplet 



In this section, we prove that eqs. (3.1)-(3.3), ensuring that the variation of the fermions in 



the gravity multiplet vanishes, are equivalent to eqs. (3.26), (3.27), (3.29), (3.30) and (3.34) 



when W+ is chosen. The proof for W- works in the same way. 



We start from the gravitino equation (3.1), i.e. 



Applying P to this equation and using (|3.13|), we obtain 



{A'Y - 2g'PatP'^ 



(3.35) 
(3.36) 
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Applying X to this equation, one immediately sees that its solution is the flow equation 

(3.37) 



(3.26) for the warp factor A : 



A' = ±gW^ 



with as in (3.15), and with satisfying 



(3.38) 



The latter condition constrains the USp(4) spinor to be a spinor of SU(2)+. Note that 
if |X| = this condition does not hold. In the following, we will assume |X| ^ 0. Also 
note that we could equally well have taken W_ in (3.37), and consequently Xi^ej = — e^, 
implying that ej is a spinor of SU(2)_. In the following we keep on discussing the case in 
which W+ is chosen. The argument for the opposite choice is completely analogous and just 
requires to switch a few signs. 

0, 



With these assumptions, recalling (3.11 ), (3.16), and noting that (3.38) implies Q_ 



in the locus where ^ the original gravitino equation (3.35) becomes just constraint 



(3.39) 



From (3.17) we see that this acts as a projector on the SU(2)+ spinor, halving its number of 
degrees of freedom. Also note that this condition actually implies (3.38). 



We next consider equation (3.3) arising from the transformation of the fermions Xi the 
gravity multiplet, namely 



(3.40) 



Recalling (3.19) and the algebraic constraints on the spinor obtained above, this can be 



rewritten as 



3gd^W+Qjej + 3gW+d^Q+^e, + 3gW^d^Qjej 



(3.41) 



Applying either {W+Q^ + W^QJ) or using again the constraints on the spinor, adding 

the two resulting expressions and noting that — W"^ = 2\X\, we arrive at 



Qg W+d^W+e, + 3g\X\ d.Xhj = T 2W+a'e^ . 
We also observe that X^ = I4 implies d^XX = —Xd^X, which applied to e gives 



U+d^Xe = d„XU_e 



0. 



(3.42) 



(3.43) 



Hence projecting eq. (3.42) with 11+, for 7^ we obtain the flow equation (3.27) for the 
scalar a, 

a' = T^gd„W+. (3.44) 
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Then eq. (3.42) becomes d^Xi^ej = 0, which is equivalent to 

d^X = 0. (3.45) 

This means that the choice of so(4) inside so(5) does not depend on a. Taking the derivative 
of (3.18), it follows that d^^Q^ and d^^Q^ are in the su(2)+ and su(2)_ subspaces respectively: 

Xd^Qi = d^Q^X = ±d^Q± . 



Consequently we deduce that 



Using the conditions just derived, our original equation (3.41) reduces to 

daQ+iej = . 



(3.46) 



(3.47) 



(3.48) 



Since the choice of so(4) inside so(5) does not depend on a, our su(2)-|- generators do 
not depend on a either, so we can write da-Q+ = d^Q^L'^j^- Then, applying twice condition 
(3.48) and using property (3.22) of the su(2) generators, we find 

d.Qld„QXLlLXe = Q ^ W+ W+ = = 



0. 



(3.49) 



We have thus also obtained both constraints (3.29). Note that they can equivalently be 
stated as d^Q^ = 0. 



Finally, let us consider eq. (3.2) for the radial flow of the spinor. 



e[ + (p'^'u^i^ej - -gP/-f5ej = 



(3.50) 



where we recall that is the USp(4) connection. It is not hard to see that compatibility 



with the algebraic condition (3.34) requires 



(3.51) 



Note that acting with (p^'D^^ on (3.17) and using (3.34), (3.51), we obtain (p^'D^Xi^ej = 0, 
which is equivalent to 



(p'^'D^X = 0, 



(3.52) 



namely the SO (5) vector X has to be covariantly constant along the flow. It follows that 
the so(4) generators can be chosen to satisfy (j)^' D^L''^ = 0. Then by the same argument 
used in (3.49), eq. (3.51) reduces to 



0. 



(3.53) 
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We have thus also obtained constraints (3.30). They are equivalent to (jf'D^Qj^ = 0. 



Taking (3.51) into account, and using the flow equation (3.26), the spinor equation be- 
comes 



(e-^/^Q)' + 



LXl 



0, 



(3.54) 



By performing a local S0(5) transformation, we could set to zero the component of the S0(5) 



connection along the flow, so that the covariant derivatives in (3.52 ) and (3.53 ) become partial 
derivatives, and the solution for the spinor is 



.A/2 ~ 



(3.55) 



where is a constant spinor satisfying the algebraic constraint ( 3.34[ )p| 



This concludes our analysis of the supersymmetry conditions arising from the gravity 
multiplet. As already mentioned, the full analysis of the gaugino equation is technically 
more involved, so that we relegated it to appendix [B] 



3.4 The domain wall effective action 

Plugging in the domain wall ansatz, the five-dimensional JV = 4 supergravity action (for 
which we refer to |25l [26]) reduces to the one-dimensional effective action 



1 r+oo 

S = - dre'^ [UiA'f - {a'f - g^^^ <\>" - 2^] - 4 [e^^A'j ; 



-oo 



(3.56) 



whose equations of motion are the same as the Einstein and the scalar equations of five- 
dimensional supergravity, evaluated in the domain wall ansatz. 

Starting from the general formula for the = 4 scalar potential V written as an algebraic 
sum of squares of the fermionic shifts (see PS]), with a long computation we found that this 
can be rewritten as the following algebraic sum of quadratic terms 



^ g'^^d^WdyW + ^ {d^Wf - 6 - 18 Ty' d^Q^d^Q"^ - 9 |X| (a,X„)' 



+ ^ (r-^a)' + 2 Tr {r'^U^ (5^^ + Q'Q' 



(3.57) 



^If part of the gauge freedom has aheady been fixed so that the framework of footnote [s] is achieved and 
X is made constant on the scalar manifold, then eq. (3.52 1 becomes a requirement that the piece of the S0(5) 



connection taking values in the orthogonal complement of so(4) in so(5) vanishes. The components of the 
connection appearing in (3.53) and (3.54) can still be set to zero exploiting the residual gauge freedom. 
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where W, Q, U can be either Wj^^ Q^, , or Q-, L^_- It follows that our effective action 
can be recast in a BPS form as 

1 P+CO 

S = dre''^[l2{A'T9Wf-{a'±3gd,Wf-g,y{r'±^9d^W){<py'±3gdyW) 
+ 36W^d,Qabd.Q^+l8\X\ {d^Xaf - (C-Xaf - 4S-2Tr[/'^^L'-^(5'-^ + Q^'Q')]'] 

+ [e'^{±3gW-4A')]'^2- (3-58) 
Since it is an algebraic sum of squares of the supersymmetry conditions summarized in 



section 3.2, clearly it is extremized by them. It follows that the Einstein and scalar equations 
of motion of five- dimensional N' = 4 supergravity are solved. In order to have a full solution, 
in remains to consider the equations of motion for the vector and two-form fields in the theory. 
The equations for the two-forms are trivially satisfied in the domain wall background. As 
for the equations for the vector fields, the only non-trivial contribution comes from the 
scalar kinetic term gxyDf^(j)^D^(j)y, where the gauge covariant derivative is D^^cj)^ = 9^0^ -|- 
S-2ir^A° + J^K^jAff. Here, A° and A^ are the = 4 vector fields, while the J^'^K and 
TjKm are the Killing vectors on the scalar manifold which generate the isometries being 
gauged (see appendix [B] for their explicit expression). The vector equations then read 

r'K, = 0, 0^'Kf = O, (3.59) 

which, using the flow equations, coincide with the requirement of gauge invariance of the 
superpotential W. Hence we conclude that for a gauge-invariant superpotential also the 
vector field equations are satisfied and our conditions yield a solution to A/" = 4 supergravity. 



4 Deforming SCFT's on D3-branes at Calabi-Yau cones 

We now apply the results of our general analysis, in order to study super symmetric domain 
wall solutions, to two specific A/" = 4 supergravity models, which arise as consistent trunca- 
tions of type IIB supergravity and are relevant for the gauge/gravity correspondence. The 
first, to be studied in this section, can be defined as a dimensional reduction on any five- 
dimensional Sasaki-Einstein manifold, while the second, which is an extension of the former, 
is based on the T^'^ coset space, and will be discussed in the next section. 

In [IS] (see also [ISl [2S1 ESI EDI EI]), a universal consistent truncation of type IIB su- 
pergravity on five-dimensional manifolds admitting a Sasaki-Einstein (SE) structure was 
constructed, leading to gauged M = 4 supergravity in five dimensions. This model admits 
the standard AdSs solution of type IIB on a Sasaki-Einstein manifold, and is thus suitable 
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to describe universal deformations of the superconformal field theory on D3-branes probing 
the tip singularity of the Calabi-Yau cone over the Sasaki-Einstein space. It comprises two 
A/" = 4 vector multiplets and hence eleven scalar fields, dubbed U, V, 0, Cq, a, b'^ , (real) and 
6, c (complex) in [18]]^ Here, Co and are the axion and dilaton of type IIB supergravity, 
while the other scalars enter in the ten-dimensional metric as 

in the type IIB two-form potentials as 

B = b-^J + Re{bn), C2 = c-^J + Re{cn), (4.2) 

and in the five-form field strength as 

F5 = (l+*io)|[3Im(6c)+fc] JAJAr/+^[2rfa+6-^c/c'^-cW+Re(6dc-cd6)]AJAj|. (4.3) 

Bke is the four- dimensional Kahler-Einstein base of the Sasaki-Einstein manifold, J is its 
Kahler form, 77 is the contact one-form dual to the Reeb vector, satisfying dt] = 2J, and Q 
is the complex two- form which satisfies dQ = 3z (r/ A f2). The constant k parameterizes the 
five-form flux. Note that in the metric we already assumed a five-dimensional domain wall 
ansatz. 

The scalar in the JV = 4 gravity multiplet is identified with a = —^{U + V) , while the 
others parameterize the so^5)xso(2) coset space, see [IH] for details. In the parameterization 
chosen there, the embedding tensor components are 

/125 = /256 = /567 = — /l57 = "2 , 

64 = -3v^, 62 = ^17 = -66 = ^67 = -V2k, (4.4) 

and their permutations. For the non-vanishing components of the gravitino shift matrix 
Pab = —Pba defined in (2.17) we find 

Pi2 = ^e-"^-t^[3Im(6c) + A:] , P34 = ^ e""^'!^ (3 e^^ + 2 e^^) 

D D 

Pi3 = ^e-¥^-t^+i^Im(c-Co6), Pi4 = 6"^^-!^+^^ Re(c - C06) , 

P23 = -e-^^-t^-i^Im6, P24 = --e-^^-t^-i-^Refe. (4.5) 

2 2 



This yields 



X^ = Sl (4.6) 



'b,c were actually denoted 6^, c^^ in [T5] . 
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so we can choose the su(2)-|- generators as in footnote [3j 

We can then evaluate the constraints for a supersymmetric domain wall found in the 
general analysis. The first condition in (3.29) is trivial, and it turns out that also constraints 
(3.31), (3.32) are automatically satisfied. The first in (3.30) instead is non-trivial (because 

(4.7) 



of the piece containing the SO (5) connection) and tells that 



const , 



const . 



The second in (3.29), namely d^jQ^j^ = 0, gives 

c = {Co±ie~*)b, (4.8) 

where the two sign choices are correlated. We also compute W± and find the associated flow 
equations. One can check that these are compatible with (4.7), (4.8), and that the equations 
for the remaining scalars {U, V, (p, Cq, a, b} consistently follow from the reduced superpoten- 
tial and the reduced metric that are found by plugging (4.7), (4.8) in the original W± and in 
the scalar kinetic terms. It is therefore enough to present this reduced superpotential, which 
reads 



3 



(4.9) 



together with the reduced metric, which is 



9xy(- 



red 



my + [- + e- 



+ 2e-^^ 
+ 2e-«^ 



1 



e-'^\db\^± Im {bdb) dCo - -e 



-0 



d{\b\')d(j) 



da+l\b\^dCo±e'^lm [bdb)^^ 



(4.10) 



Choosing the upper sign in (3.27), (3.28), the associated flow equations read 
V' = e-T^+i^ + le-T^-|^(^3e-*|6|2TA; 

A - - ^ - . in__ o - 

V = 3e-3 
b' 



iu-lv _ 
-3e-t^-t^6 



1 



2 



U-iV 



(3e-'''\b\^Tk 



C'o = a' = 0. 



This system can be solved by introducing the new radial coordinate 



dp 



(4.11) 



(4.12) 
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so that the equations for b and {U — V) decouple. The general solution is 

b = boe-'P, 



,2{U+V) 



13 e 



4p 



k 



e't'a 



(1 + ae-^P)2 

where 60 (complex) and a, /3 (real) are integration constants. The hypergeometric function 
appearing in the last line is 



2F1 [1,1,1;^] 



3z 



2^3 



TT Z -2 

— h arctan — — — 

2 yaz 



+ log 



I- Z + Z'^ 



In the variable p, the equation for the domain wall warp factor A becomes 



A 



(4.14) 



(4.15) 



where in its solution we are neglecting an integration constant, as it can always be reabsorbed 
in a rescaling of the four-dimensional Minkowski coordinates. 

When /3 = 0, as p — > +00 the scalars take a finite value which extremizes the five- 
dimensional scalar potential, and the metric is asymptotically AdSs (with radius = \k\/2). 
In this case, noting that 

hm 2Fi[l,l,|;z] =1, (4.16) 

we see that positivity of e^^^+^^ as p — )■ +00 imposes A; > for the upper sign choice and 
A; < for the lower choice. Moreover, positivity of e^*^'^"^^ requires e^^ > —a. 

We checked that all the five-dimensional equations of motion given in [18] are satisfied, 
as expected from the general analysis in section |3| Due to the consistency of the truncation, 
the five-dimensional solution lifts to a solution of type IIB supergravity. It is interesting to 
discuss how it looks like in ten dimensions. From the reduction ansatz given at the beginning 
of this section, we find that the ten-dimensional metric takes the following D3-brane form 



h—2{p)ds\W'^) + h-^{p)ds\MQ) 



with warp factor 



and six-dimensional transverse metric 



+ 



2 k 

e't'a 2 



iFi [1, 1 



' 3' 



-a e 



ds^{Me 



o2p 



[1 + ae~ 



{dpf + rf + {l + ae-^P) ds\B_ 



KE 



(4.17) 



(4.18) 



(4.19) 
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For bo = 0, this solution had aheady appeared in [201 EI] (see also [321 app- B])j^The metric 
(4.19), first found in [20] in the case of the conifold, is Calabi-Yau and describes a Calabi- 



Yau cone deformed by blowing-up the four-cycle Bke |21] • The deformation is controlled by 
a, with the cone being retrieved as a = 0. In particular, if both a and /3 vanish, the standard 
AdSs X SE5 solution of type IIB supergravity is obtained. When 60 7^ 0, our solution has an 
extra feature: the complexified three-form of type IIB supergravity is non-trivial and reads 



G: 



3 • = 



te2 \ie 



- {dC2 - CodB)] = 3 60 e~ 2-3p n A {dp - irj) 



(4.20) 



for the lower sign choice in (4.18), and its complex conjugate for the upper choice. This is 



closed, imaginary (anti-)self-dual and primitive with respect to the Calabi-Yau structure. So 
we conclude that the present M = 1 solution falls in the well-known class of supersymmetric 
warped Calabi-Yau backgrounds of type IIB supergravity with non-trivial three-form flux 
and constant axio-dilaton, first discussed in [53] . 

We also observe that for 69 7^ one can take a limit which, when the Sasaki-Einstein 
manifold is 5*^, corresponds to the SU(3)-invariant sector of the GPPZ flow [22] (see [M] for 
its lift to type IIB supergravity). This is most easily seen by choosing the five-form flux so 
that k = 2. Then, with /3 = and relating the other integration constants as |6oP = — ae*^ 



(so we need a < 0), the third line of (4.13) simplifies, and the scalars with a non-trivial 
profile can be parameterized by the single function 



A(P) 



log 



1 + 



-3p 



1 - (-a)i/2 



-3p 



(4.21) 



as 



U 



Co + ie- 



V 

\b\ 



log (cosh A), 



tanh A 



(4.22) 



The superpotential reduces to W = cosh^ A, and the flow equations to A' = —3 dxW. This 
precisely describes the SU(3)-invariant sector of the GPPZ flow. We can thus conclude that 
tuning |6oP from to —ae'^, our solution interpolates between the solution of [201 EI] and 
the one of |22j . 

Finally, from the asymptotic behaviour of the scalar fields we can identify which operators 
in the dual field theory are driving the RG flow. Denoting by W the gauge superfield of 
the Af = 1 SCFT dual to type IIB on AdSsX SE5, we find (see for instance [IB]) that we 



^The change of variable leading to the expressions given there is (1 + a e ®'') ^ = 1 — with — cx^l'^ . 
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are switching on a vev for the first components of Tr(>V^) and of Tr( W^W^). The former 
is a relevant operator with conformal dimension A = 3, which drives the GPPZ flow and is 
dual to (the fluctuation of) b — ic. The latter has A = 6, so it is irrelevant, and is dual to 
U — V. Setting /3 = we have eliminated a possible further deformation, corresponding to 
an irrelevant source D-term J (P9(P9 Tr (W^W^), which has A = 8 and is dual to 4f/ + V 
(being an irrelevant source in the Lagrangian, this cannot be switched on as long as the CFT 
is regarded as the UV theory, and correspondingly the asymptotic AdS factor on the gravity 
side is preserved). 

5 New superpotentials for conifold solutions 

In the construction of string theory solutions dual to non-trivial RG flows, a seminal role 
was played by the conifold [35]. This is a Calabi-Yau three-fold constructed as the cone on 
the coset space T^'^ = [SU(2) x SU(2)]/U(1), endowed with its Sasaki-Einstein metric. The 
superconformal field theory dual to type IIB on AdSs x T^'^, which describes the low energy 
dynamics of D3-branes probing the tip singularity of the conifold, was identified in . The 
addition of fractional D3-branes breaks conformality and induces RG flows with non-trivial 
properties such as duality cascades, confinement and chiral symmetry breaking [37ll3t [6| [7] . 
Similar features are obtained by wrapping D5-branes on the two-cycle of T^'^ ~ 5*^ x 5*^ [5J. 
In the corresponding type IIB supergravity solutions, the cone geometry gets deformed, in 
a way that also affects the metric on T^'^. All the conifold solutions |3], HI |5[ El [7] preserve 
four-dimensional Poincare invariance and can be seen from a five-dimensional perspective 
as domain walls of the type studied in this paper. Not all the relevant T^'^ deformations 
are captured by the universal Sasaki-Einstein truncation considered in the previous section. 
However, in [13] (see also [151 EH]), a larger Af = 4 consistent truncation containing all known 
conifold solutions was constructed by retaining all (and only) the Kaluza-Klein modes of 
type IIB supergravity on T^'^ which are invariant under the action of SU(2) x SU(2). This 
adds an A/" = 4 vector multiplet to the universal Sasaki-Einstein truncation, and introduces 
further non-trivial gaugings, which in type IIB correspond to background three-form fluxes 
threading the three-cycle of T^'^. 

In the following, we scan for supersymmetric, SU(2) x SU(2) invariant conifold solutions 
by applying the general results of section [3] to the M = A supergravity model of [13] . We 
perform an exhaustive search within a subset of the A/" = 4 scalars, originally introduced 
by Papadopoulos and Tseytlin (PT) in [23], which is sufficient for describing all known 
conifold solutions. Note that the results of [13] are anyway essential in order to identify the 
A/" = 4 structure of the PT ansatz. Besides recovering the known superpotentials and flow 
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equations for the solutions in [21 IH E] , we find the superpotential for the solution describing 
the baryonic branch of the Klebanov-Strassler theory [7], which was unknown before and 
generalizes the previous ones. In addition, we obtain the superpotential for the solution 
describing supersymmetric D3- and wrapped D5-branes on the resolved conifold. 



5.1 Superpotential for the baryonic branch of Klebanov-Strassler 

The PT ansatz [231 (^^^ ^^^^ [32] fo'^ formulation in five dimensions) contains nine scalars, 
denoted by p, x, g, a (from the internal metric), b (from the RR two-form potential), hi, 
h2, X (from the NSNS two-form potential) and (the dilaton). Moreover, it contains two 
parameters P and Q, corresponding to RR three- form and five- form fluxes, respectively. As 
in the previous section, we proceed by constructing the Af = 4 fermionic shifts using [13j . 
then we evaluate the algebraic constraints, and eventually write down the superpotential 
and the flow equations, checking compatibility with the constraints. Since in the present 
case the intermediate steps are considerably more involved than in the previous section, we 
will just give the results]^ 



For the PT system, constraint (3.31) is automatically satisfied, while the first condition 
in (3.29) demands that either 

+ e'^ = 1 (5.1) 

or 

{1 + + e^'^)h2P + a{2hiP + Q) = . (5.2) 
The first possibility eventually leads to just the warped deformed conifold solution of [1], so 



we will not discuss it further. Let us instead study condition (5.2 ), which has more interesting 



consequences. The subcase a = is special and will be discussed in the next subsection. 



Here we assume a 7^ and P 7^ 0, and use (5.2) to fix hi in terms of the other fields. Then 



the second constraint in (3.29) provides an expression that can be used to determine e.g. /i2- 



®For the ease of comparison with the hterature, we give our results adopting the normahzations of [23] . 
It follows that the flow equations read 

3 ^ 2 dip'' 

where are the scalars in the PT ansatz and Gab is the kinetic matrix in [53] . Once our algebraic constraints 
are taken into account, the relation between the scalar potential V of |23j and the superpotential is 

8 difi^difif' 3 

The scalar in the supergravity multiplet is identified as ct = 2y/3p. For the map between the other A/" = 4 
fields and the PT ones, see appendix B of [T3] . 
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We find: 



hi 



-Cho 



Q_ 
2P 



e^'t>P\hC- If - e2--23+0(aC - 1)^ 



where we introduced the following functions of a and g 

1 + + e'^a 



C 



s = 



2a 



+ 2a2 (-1 + e29) + (1 + e^af 
2a 



(5.3) 



(5.4) 



(5.5) 



which satisfy C — S = 1. One can see that in this way all constraints in (3.2) are satisfied. 



Plugging (5.3) back into W computed as in ( |3.15 ), we obtain the following superpotential: 

W = e-2p-2^-»a S + S'^ [C + e^^^'+'^P^ (5 _ c') (6 C - 1)] . (5.6) 



One can check that via the relation in footnote |8] this reproduces the PT scalar potential 
with hi and /i2 integrated out as dictated by ( |5.3 ). The flow equations following from (5.6) 
read 



C 
b' 



S 

1-bC 

s 

1-aC 
S 



X 



a{a — b)S 
bC-1 

b-C 
2{bC-l)S 



[e-^9{aC - If + 2e-''''-^{h2fS^] 



6p' 



^^^_6p-2.-, _ 5^ [e-^\aC - If + e-^^-'f'{h^fS^] - ^ 



{bC -l)S 



-2g 



X 



{C -b) {aC -ly 
{bC -l)S 



2a(b-C)(aC-l) 
bC-1 



Here, the derivative is with respect to the rescaled radial coordinate dt = e'^^du, where u is 



the PT coordinate. Moreover, we traded g for C using (5.4), and /i2 is to be replaced by (5.3) 



The kinetic matrix used in the formula for the flow is the one obtained by plugging (5.3) in 



the kinetic terms of [23] . The equations above are precisely those for the solution describing 
the baryonic branch of the Klebanov-Strassler theory, which were obtained in j7] by other 



23 



means, working in ten dimensions Hence we have found a superpotential for that solution, 
which was unknown before. This provides a monotonic c-function along the flow. 

Starting from our expression ( |5.6 ), the known superpotentials for the Maldacena-Nufiez 
[5] and the Klebanov-Strassler |3] solutions can be recovered as limiting cases once one 
restricts to the respective systems of variables. The Maldacena-Nunez variables are obtained 
from the PT ones by setting [39] : 

1 



y^ = hi = h2 = Q = Q. 



—6p — g — 21ogP, 



X 



so (5.3) are consistently satisfied and W becomes 



MN 



o4p 



1)^ + 2 (a2 + 1) e-29 + 1 



which is the superpotential of the Maldacena-Nunez solution, found in 
recover the Klebanov-Strassler system, we parameterize a and g as 



tanh y , 



so that C = cothy, and (5.3) becomes 

2P ' 



hi = — /i2 cothy 



cosh y , 



(/i2)2 = e^-^P^ (6 cosh 1/ - sinhyf 



(5.7) 

(5.8) 
In order to 

(5.9) 



while W in (5.6) reads 

g-2p-2x ^ ^ip^Qshy + e4p-2^+<^p2 (5 cosh y - sinhy) {b - cothy) . 



KS|/ii,/i2 

This is the known superpotential for the Klebanov-Strassler solution, namely [6] 

1 



KB 



g-2p-2x ^ e^Pcoshy - -e^^'-2^(g + 2Phi + 2P6/12) 



(5.10) 



(5.11) 



(5.12) 



with hi, h2 replaced by (5.10). 

Another limiting case that can be considered is the one in which both the NSNS three- 
form and the RR five-form vanish, yielding solutions describing just wrapped D5-branes. 
This setup was studied in |10], and a superpotential for it was found in [HI sect. 3]. In the 
PT ansatz it corresponds to the truncation h2 = 0, hi = —Q/(2P) and x = const. Using 
the second in (5.3), one can check that then our superpotential reduces to the one in [Hjj^ 

^When comparing with [71 app. B], one has to recaU that they use the string frame, while as [33] we work in 
the Einstein frame. Comparing the respective ten-dimensional metric ansatze, one finds a^thoro = ashore + 0/2, 
Pthorc — Phcrc " 0/6 and Athcro = {A + p — x/2 + (/)/4)herG- Moreover, in [7] the three-form flux parameter 
was fixed to P = — 1/2, while we leave it arbitrary. 
^•^The change of variables between |4IJ and PT is 



Y 



HNP 



Q 



HNP 



sinhr = 5* 



4 (aC- 1) e 
4P, 



Nf=0, 



and their constraint cj = is the same as the second in our (5.3), with /i2 = 0. 
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5.2 Supersymmetric D3 and D5-branes on resolved conifold 



In the following we study the case a = 0, which was left aside in the previous section 
and allows for a different solution of the constraints leading to a different superpotential. 
Geometrically, a = means that there are no mixed terms in the metric on the CP^ > 



base of the U(l)-fibration describing T ■ . With a = 0, constraint (5.2) implies /i2 = 



(we are interested in solutions with P ^ 0). Then the remaining algebraic conditions of 
section 3^ also require 6 = 0. We are thus led to consider an a = 6 = /12 = truncation of 
the PT ansatz, which corresponds to the ansatz first considered by Pando-Zayas and Tseytlin 
in [S] in order to study solutions based on the resolved conifold geometryp] The type JIB 
supergravity solution found there, describing regular D3 and wrapped D5-branes on the 
resolved conifold, is known to be non-supersymmetric [42j (see also |13]), although it can be 
described in terms of a simple superpotential. In the following, applying our general method 
we identify a supersymmetric solution describing D3 and wrapped D5-branes on the resolved 
conifold, having the same active fields as in [6], plus the dilaton. For the superpotential we 
find 



1 



W = e-2p-2^' cosh g + e^P+ -e 



4p—2x 



4 ^2x+<pp2 sinh^ g + {Q + 2Phi) 



(5.13) 



This is similar to the one given in [6j, the latter being recovered by erasing the first term in 
the square root. Both superpotentials define BPS domain walls in that both reproduce the 
same truncated PT potential V\a=b=h2=o through the relation in footnote [s] However, only 



the one in (5.13) generates a supersymmetric flow. Note in particular that the new term 
introduces a dependence on the dilaton; as a consequence, will flow in our solution. 

We present the system of first-order equations for the fields {x, g, p, 0, hi, x} following 
from (5.13) in the radial coordinate p, related to the PT one by dp = e^'^du. We find: 

1 



X 

g' 
0' 
p' 
h[ 

X 



-e-'^P-^^cosh^- -e 



2 „-2^ T-i [(g + 2Phif + 2 e^^+'^F^ ginj^2 
g-6p-2x gjj^^ ^ ^ e^P'^T-^ sinh(2^) 
2 e^P^T'^ sinh^ g 

1 



1 1 

-3-6' 



■^^'-2" cosh g + -e 
6 



■2x 



T 



e'^PT-^ cosh(2^) (Q + 2Phi] 
e^PT-^ sinh(2c/) {Q + 2Phi) 



(5.14) 



^The change of variables leading to the notation in \^is hi ~ \{fi — /2), X— |(/i + h), 9 — V- 
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where we introduced the quantity 



T 



{Q + 2PhiY + 4 e2^+<^P2 sinh^ g . 



(5.15) 



Setting the three-form flux P = 0, one recovers the equations describing regular D3-branes 
on the resolved conifold P|. Linearizing for small P, which physically means taking a small 
ratio between the three-form and five-form Page charges, we recover precisely equations 
(5.15)-(5.18) of [6j. However, at higher orders the solution deviates from the one in [6]. 
The system can be partially solved by first noting that 



[e-^T)' = 2P2 



'T = 2P'^p, 



(5.16) 



where we are absorbing the integration constant in a shift of p. This eliminates T from the 
equations. We also introduce the new convenient variables w = x — (j)/2 and z = x + 3p. The 
solution for 6 is 



z 3, 
- + - loe 
2 4 ^ 



sinh^f 



2P2p 



P 



with 7 an integration constant. Moreover we find that w is determined by 

where k is a constant such that < e~'^'^, and that hi is fixed by 

Q + 2Phi = 2KP^e'^^p. 

The warp factor reads 



A 



1 



{p-w) 



(5.17) 
(5.18) 

(5.19) 
(5.20) 



We are thus left with three equations: 



e sinh g + 



sinh(25f) 
2p 



3 _2z 1 sinh g 
-e- cosh^ + — 



nPe^^ smh{2g) 



(5.21) 



where just the first two need to be solved since knowing the derivative of x iii the PT ansatz 
is enough to determine the ten-dimensional background. 



This reduced system is not new. From (5.19 ) we observe that k = implies Q + 2Phi = 0, 



which in the present ansatz means that the type IIB five-form P5 vanishes, i.e. there is no 
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D3-brane charge and we are left just with a D5-brane setup. In this case, the equations have 
aheady been studied in [30]. The solution for k 7^ is instead a particular case of the one 
discussed in [44] when one takes a = b = 0. In [Hj, a U-duality transformation was proposed 
mapping a solution with just D5 charge into a solution with both D3 and D5-charge. If we 



denote by wq the solution (5.18) in the absence of D3-brane charge and thus with k = 0, 



then the general solution reads 



e 



- (1 - e^'t') e^^'o . (5.22) 



This is precisely the form of the transformation described in |1H SH] , where the dilaton and 



the metric functions z are unaltered. Moreover, our D3-brane charge (5.19) and the x 
equation also agree with their formulae. We conclude that any solution to the system (5.14) 
can be obtained from a solution with just D5-brane charge via the transformation of 

Note that the equations can easily be solved analytically if the special solution (7 = is 
chosen, meaning that the two CP^'s in T^-^ have the same size. This leads to the superpoten- 
tial and the equations given by Klebanov and Tseytlin in [3]. In this case x ^i^nd the dilaton 
are constant and the general solution for z is e^^ = | (1 + zqc^^) . Selecting the integration 
constant as = one recovers the solution of [3j describing regular and fractional D3-branes 
on the singular conifold, whereas for -Zq 7^ the solution was given in [20] • Here we explicitly 
exhibit its supersymmetric nature. The transverse geometry is the same Calabi-Yau as in 
(4.19), while the warp factor h is more complicated than the one in section |4| though still 



expressed in terms of hypergeometric functions |20j . 

It is interesting to look at the form taken by the constraints on the spinorial susy param- 
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eter discussed in section |3.2| These can be lifted to IIB supergravity using the map between 
ten-dimensional and five- dimensional fermionic variations derived in [38]. In their spinor 
conventions, we find that the type IIB supersymmetry parameters are constrained as 

o 

e -iT'^^'^^cosPe+ I sin /3 T^^ JABe") = 0, (5.23) 

where cos /3 = /te*^. The first projector is compatible with D5-branes filling the four fiat 
spacetime directions and wrapping the submanifold in T^'^ identified by the Kahler form 



^^In five-dimensional language we have 

e - 7^ (73 e = , 
e — 7^(cos/3e — sin/3o-i e'^) ~ 0, 

where e — (^^) is an Sp(2) doublet of Dirac spinors as in 38 . In this notation, the type IIB Weyl super- 
symmetry parameter is given by ehb = ei <8) ?7 + £2 ® with 77 being a Killing spinor on the T^'^ and rj'^ its 
charge conjugate. 
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J on CP^ X CP^ The second projector describes D3-branes filling the four fiat spacetime 
dimensions and polarized into the D5-branes through the Myers effect [10]; it is of the type 
considered in [17] . 
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Figure 1: Metric functions g{p) (dark blue) and z{p) (light orange) for the initial values 
g{l) = 2/5, z{l) = 1/3. For the fluxes, we chose P = Q = 1. The functions asymptote to 
g = and z = ^ log | when p — )■ — oo, which are the values of the singular conifold solution 
in [3]. The singularity appears at p ~ 1.55. 

We conclude this section by presenting in figure [T] a numeric solution to the g and z 



equations in (5.21). We start the integration at an arbitrary point po, using a power series 
solution around it as initial condition. The system is then integrated both to the left and 
right of the starting point. We have not explored thoroughly the space of parameters, but an 
IR singularity appears in all the solutions we generated. This is consistent with the vanishing 
of a and b modes that are crucial for avoiding the singularity. In the UV, corresponding to 
p — 7- — oo, the behaviour of the conifold solution in [3] is recovered, and at first-order the 
metric functions g and z go as 



9 



z ~ 



Mog I + e 



2p 



(5.24) 



The transverse space is not Ricci-flat when evaluated in our numeric solutions. Furthermore, 
the scalar curvature contains an IR singularity. 



6 Conclusions 

Domain walls in supergravity theories are holographically dual to field theory RG flows 
and are thus interesting solutions to explore. In flve- dimensional, J\f = 2 supergravity the 
problem of constructing BPS domain walls was addressed some time ago [101 IH] and used for 
instance to recover the superpotentials of some conifold solutions [12]. However, the M = 2 
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approach is in this case hmited and one needs to go to A/" = 4 in order to supersymmetrize 
the complete PT ansatz and all the solutions it encompasses. 

In this paper, we have presented a compact set of necessary and sufficient conditions for 
supersymmetric domain wall solutions to A/" = 4 gauged supergravity in five dimensions. 
As summarized in section 3^, these take the form of ffist-order flow equations for the warp 
factor and the scalar fields, generated by a superpotential and completed by a set of algebraic 
constraints involving the scalars and the embedding tensor specifying the gauging of the 
A/" = 4 model. We found that supersymmetric domain walls are generically 1/4 BPS, namely 
they preserve four supercharges. 

We subsequently applied our general conditions to two particular A/" = 4 consistent 
truncations of type IIB supergravity (so the solutions are automatically embedded into string 
theory). The ffist is based on a reduction on an internal manifold with Sasaki-Einstein 
structure [T8l [19] . We gave the explicit solution for its most general supersymmetric domain 
wall, thus describing a universal RG flow deforming superconformal theories on D3-branes at 
Calabi-Yau cones. Its ten-dimensional uplift contains a primitive imaginary-self-dual three- 
form, and tuning the associated parameter we interpolate between the flows in [201 EI] and 
[22] • The second model is an extension of the ffist for the particular case of T^'^, and furnishes 
an A/" = 4 supersymmetrization of the PT ansatz [131 115] ■ As such, all known conifold 
solutions can be obtained within it. In this framework, we found a superpotential for the 
solution describing the baryonic branch of the Klebanov-Strassler theory, which encompasses 
the previously known superpotentials and reduces to them by taking appropriate limits. We 
also obtained a superpotential for the solution corresponding to D3 and wrapped D5-branes 
on the resolved conifold. 

For our construction to work and give supersymmetric solutions, it is essential that the 



constraints in section |3.2| are satisfied. In the concrete examples we studied, the constraints 
turned out to be compatible with the flow equations. They were solved for some of the scalar 
fields, which were subsequently integrated out, so that a superpotential and a system of flow 
equations for a smaller set of fields was obtained. It would be useful to prove that this can 
be done in more generality. 

Regarding technical extensions to our work, it would be interesting to repeat the general 
analysis by also including the components of the A/" = 4 embedding tensor |26j , which were 
set to zero here (and were vanishing in the particular examples studied). Another obvious 
development would be to study charged domain walls by allowing a non-trivial proffie for 
some of the A/" = 4 supergravity form fields. We have restricted our attention to the Poincare 
invariant case, but domain walls with curved four-dimensional leaves (mainly AdS) are also 
of interest (see [Ml 09] for the J\f = 2 case). Finally, the strategy developed in this paper 
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should be smoothly translatable to the case of four-dimensional, Af = 4 gauged supergravity 
and apphcable e.g. to the truncations in [HO] . 

In addition to those discussed in sections |4] and |5} there exist other five-dimensional TV = 4 
gauged supergravity models that might contain supersymmetric domain wall solutions with 
a string theory lift. For instance, a simple possibility would be to consider pure supergravity 
with its inequivalent SU(2) x U(l) gaugings [5T], and study the possible dilatonic domain 
walls with a non-trivial profile for the scalar in the gravity multiplet, lifted according to 
[55] . Other appealing examples are the J\f = 4 supergravities considered in jMj and 
related to reductions on orbifolds of the sphere. 

Finally, it would be interesting to explore the possibility of deforming the superpotential 
for supersymmetric domain walls to a fake superpotential for non-supersymmetric solutions. 



It should also be possible to employ the superpotential presented in section [SA] to study non- 
supersymmetric deformations to the solution in by using the computational technique 
presented in [55] . 
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A More on the scalar manifold geometry 

The SO (5) gamma matrices Tai-' satisfy 

= -r/ , r^,* = o , (r/)* = i^.^fi^.r/' , (a.i) 

as well as 

{r^r^} = 2(5'^l4, (A.2) 

V^'^T^ki = 4 5%-n^m,,, (A.3) 



and the relations between antisymmetric products 

.l)[fc/2] 

(5"^ 



rai...a, = -JZ rrr^a^^Ta^+,...a, (with €12345 = +1) ■ (A.4) 
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It is also useful to record that 



(A.5) 



so for any antisymmetric tensor Tab the relation between its components in vectorial and in 
spinorial indices is 



Tij — TcdT—ij Tab — o^abij T^'' ■ (^-6) 

o 

'^^^ sof'5^xSO(' 1 coset representative (Vm-, Va/'^) and its inverse {Vg.^^ , Va*^)"^ satisfy 



1, 



SO(5)xSO(n) 





= = 




= Oa , 




= 5/. 



It follows that from 



we also have 



VMN = -ViiV% + viiV% = -nvN^j + vi,v% 



Vm'' = VmnV"", Vm- = -VmnV 



Na 



(A.7) 

(A.8) 
(A.9) 



For the covariant derivative Dx with respect to the S0(5) xS0(?7,) composite connection 
on the scalar manifold, one has 



D,V 



M 



D^Vm" 



1. 
2 
1. 



D V^' - 



'2 XI] ^ 



-^Vm^'V' 



Finally, the curvature two-form of the SO (5) connection, 

1 



ab 



can be computed from (2.4) using (A. 10), (2.3), and reads 



Introducing R^ = R—(Tab)ij, this can be written as 



or, in terms of its components Rij = \Rxyijd(j)^ A as 



1 a k 



Rxyij — . 'V\xt'^y\kj — a '^T'^y' ^ qb) 



4 



(A.IO) 
(A.ll) 

(A.12) 

(A.13) 

(A. 14) 

(A.15) 
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So we have for the following product of two vielbeine: 



Moreover, one can check that the following identity holds 



By contracting with 5{, this becomes 



/IP 3 uy k A^-i-'?F? ^ 



B Analysis of the gaugino equation 



(A.16) 



(A.17) 



(A.18) 



In this appendix, we analyse the gaugino equation (3.4), namely 



(B.i: 



where the gaugino shift matrix P°-ij was defined in (2.19). We prove that when is chosen 



and constraint (3.34) on the supersymmetry parameter is taken into account, this gaugino 



equation is equivalent to the scalar flow equation 

0^' = T^gg^'dyW, 



(B.2) 



(where the sign choice is the same as the one in (3.34)), together with the algebraic conditions 

C-Xa = 0, (B.3) 
r'^Ll^ {6^^ + QlQl) = , (B.4) 



which are just eqs. (3.28), (3.31) and ( |3.32[ ) in the main text. The same statement holds 
when W+ and Q+ are replaced with W- and Q- (we omit the proof since it is completely 
analogous to the W+ case). 

B.l Rewriting the equation 

As a first thing, we rewrite the gaugino equation in a more convenient way. We introduce 
the following vectors on the scalar manifold: 



1 



Nij 



(B.5) 
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and 



K 



M 



\^ — l„,xaij f NP^) a-\; 



(B.6) 



One can show that these vectors are KiUing [25], and that the isometries they generate are 
precisely those being gauged in the supergravity theory specified by the embedding tensor 
components ^^'^^ ^ jmnp^ With these definitions, it is easy to see that the gaugino shift 



matrix i^^ given in (2.19) can be written as 



pa 



,a k 



1 



1 



Mkj 



(B.7) 



Then the gaugino equation (|B.1|) is equivalent to 

9 



V2 



(B.8) 



which is the expression we are going to analyse below. 



We also note that, starting from the definitions of the various objects and recalling ( A.IO ) 



one can prove the following general identity involving the USp(4) covariant derivative of the 
gravitino shift matrix, the USp(4) curvature and the Killing vectors: 



3 DxPij 



-2V2R 



xytj 



—ARxy(i\' VMk\j) 



It also holds that 



y\i\ yMk\j] 



(B.9) 
(B.IO) 



which can be used to rewrite the last term in (B.9) in various ways 
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B.2 Identities in su(2)± subspaces 

Our proof of the statement given at the beginning of this appendix crucially relies on the 



so(5) — 7- so(4) = su(2)+ © su(2)_ decomposition described in section 3.1 So, as a further 



preliminary step, we now derive some general identities which require no assumptions and 
just use the so(5) — )■ so(4) = su(2)4. © su(2)„ decomposition. 



^•^Though we will not need this in our proof, let us note that using identities (B.9), (B.lOl, the gaugino 



shift matrix can be recast in a more general form. Multiplying (B.9) with a vielbein and using (B.IO) gives 



Hence, multiplying this with an arbitrary coefficient a, the gaugino shift matrix (B.7) can be rewritten as 

1 - 2a 



pa 



,x a k 



a DxPkj - f- ^k] 



K^'VMkj 



6V2 
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We first introduce the su(2)-|- components of tlie curvature of the so(5) connection: 

1 
2 



±)xy 



(B.ii: 



Contracting identity (A. 17) with ^^'^ ^^^^ their product satisfies 



{RIU{R%)\ 
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[9x 



1 



(B.12) 



Note that the first term on the right hand side is a metric constructed with the vielbeine 
orthogonal to X only. 

Another relation that will be useful in our proof below is 



Rl^yvy'^'^Xa = 0, 



(B.13) 



This is easily seen by using (B.ll) to express -R!j_ in terms of the vielbeine, and noting that 
in vectorial indices the first equality in (3.21) reads X-U^a^ = 0. 

Further useful identities can be deduced starting from the general relation (B.9). Let us 
contract it with ^L'"^^^ in order to obtain its su(2)-|- components. For the first term on the 
right hand side we simply use (B.ll). For the second term, we notice that 



T r ij T) fc ; 

J^xy i kj 



±3Ll^^X,]v:^vfVM'', 



where we used (A. 15) and then equation 



rr cd ye _ n rr 



(B.14) 



(B.15) 



which is just the second equality in (3.21) expressed in vectorial indices. 

By further massaging the different terms arising from the antisymmetrization, we even- 
tually arrive at 



3D^Pl = -2V2Rl,y{Ky ±V2K''yVM-Xa)±2J:-'v^/X,Llabr- 



(B.16) 



where is now an SU(2) covariant derivative: DP^ = dP^ + ^e'-'^'w^P^, with the 
SU(2)-|- components of the SO (5) connection Substituting P^ = —iW±Q^^ gives 

3td,W±Ql + 3iW±D^Q:^ = 2V2 Rl,y{Ky ±V2K^'yVM-Xa)T'2'L~\>l^X,Ll^r^. 

(B.17) 



14, 



A remark is in order about the su(2) components of DP. Writing as in (3.251, one finds that 
^U^"^^ DxPij — DxP± plus extra terms proportional to D^L^ or D^LL- By working out the covariant 
derivative of the generators L, one sees that in this expression it reduces to a partial derivative, dx- Then, 
working in an S0(5) gauge in which X is constant, so that the same holds for the L's (recall footnote |3|, 
we obtain ^L^.''^ D^Pij = DxP±, which is the result displayed in (B.16). Anyway, we also cross-checked that 
our results remain the same when no S0(5) gauge-fixing is done and the extra terms are included. 



34 



We can decompose this equation in the component parallel to and its orthogonal part. 



The former is obtained by contracting with Noting that from (3.17), (3.22) it follows 
that 

QlQl = -1 (B.18) 

and therefore that 

Q;D,g; = 0, (B.19) 

we obtain 



aab 



(B.20) 



The orthogonal components are obtained by projecting (B.17) with [6''^ + Q^Qj.), which 
gives 

(B.21) 



Finally, we multiply (B.20) by Q^i?^. Using (B.12) for the first term on the right hand side, 
noting that v'!,-XbK^^^VM-Xa = identically, and recalling (B.13) to see that the last term 
on the right hand side does not contribute, we arrive at 

(fc - vl^XavfX,} Ry ± V2K/'Vm-X, = -I2V2 1 QlRlJdyW^ . (B.22) 

Given this set of identities, we are now in the position of proving our statement. 



B.3 Necessity 



We now come to our actual proof. We first show that conditions (B.2), (B.3) and (B.4) follow 



from the gaugino equation (B.8), i.e. are necessary conditions. We start contracting (B.8) 
with a vielbein: 



a l a k 



0^' 4^75 + -^^k'Ky + g K^'yVuk^ = . (B.23) 



Then we use (A. 16) to express the product of the two vielbeine, and constraint (3.34) to 



eliminate 75. Moreover, we invoke (B.9), (B.IO) to eliminate the terms that involve both the 



curvature R and the Killing vectors K, Km- In this way we arrive at 

±^(t>y'{g.y6,^ + m,y^'')QW^3-^gD.P,'eJ + -^K,e, + 2gK^VM^'e^ = 0, (B.24) 



where the sign choice in the first term is inherited from (3.34). By projecting with 11+ and 



massaging the different terms (also recalling n_e = 0), we obtain an equation of the form 



35 



(aSj + f3^L^_^_i^) ej = 0. This is equivalent to a = /?'' = 0, as it can be seen by applying 



{aSj + P'^L^i^^ another time and using property (3.22) of the su(2) generators. In our case, 
a = corresponds to 



K, + ^/2 irf Vm- Xa = ±AV2ig-^ QIR 



while (3^ = is 

~F 9xy 

-iW±Q^, the latter is the same as 



Since P_ 



± 



(B.25) 
(B.26) 

(B.27) 



Now, eq. (B.25) leads to our condition (B.3): this is obtained multiplying (B.25) by XaV 
recalling (B.13), noting that K'^^VM-XbV'^-Xa = identically and then expanding K^. 



aa 
X ' 



On the other hand, recalling (|B.18|), (|B.19|), we see that the component of (|B.27|) along 

r+ is 

B.28) 



(5+ is just the wanted flow equation (|B.2|). Finally, the part of (B.27) orthogonal to Q\. is 



3gW+D,Q: 



and leads to our constraint (B.4). This is seen by contracting the general identity (B.21) 
with v^"'-Xd'- the term in (B.21 ) involving i?i vanishes by (B.13), and the same happens for 



the term involving D^Q^, once (B.28) is invoked. 

As an aside, note that (B.28) also implies <p^'DxQ\. = 0, which is one of the constraints 



we found while analysing the gravitino equation in section |3.3[ Therefore this constraint is 
automatically satisfied once the gaugino equation is solved. 

B.4 Sufficiency 



It remains to prove that the flow equation (B.2) together with constraints (B.3), (B.4) are 



sufficient conditions for the gaugino equation (B.8). To see this, we first show that they 



imply (B.25), as well as the following relation involving the component of the so(5)-valued 



matrix /°— parallel to Q\_ : 



Ttr'vTXa = 2g^-^QlLlaAr-- 



(B.29) 



Eq. (B.25) is immediately obtained from identity (B.22) by using (B.2), (B.3). On the 

(B.30) 



other hand, contracting identity (B.20) with XaV^""- and recalling (B.13) yields 

^id^W+v'^^'^Xa = 2S-iQlLl„br^, 
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which by using (B.2) becomes the wanted relation (B.29). 

We next show that, together with constraints (3.34) and (B.4), the relations just obtained 
satisfy the gaugino equation (B.8). Using constraint (3.34) to eliminate 75, as well as (B.25) 
to eliminate K^, eq. (B.8) becomes 

Tict^""' [v'^.J'QW +^vy\'Rly^Ql)e,+gK''''vl,''{5iVM''Xa-VMk')ej = 0. (B.31) 



Let us elaborate the first and the second term separately. Expressing W]^ as in (B.ll), one 
can check that 

< >QW +^vy\^Rly,Q\ = Q^Sl^' . (B.32) 

Also noting that 

Q+< = Q+n+< = <^X,Q+ + Q+< n_ , (B.33) 



and that the last term annihilates e, we obtain for the first term of (B.31): 



3 ' 



(B.34) 



where in the last equality we used condition (B.29). On the other hand, the second term of 
(B.31) can be rewritten as 

= gK'^'^v'^JXjJVMi'e, 



where the last equality is obtained by expanding K^^^. So ( |B.31 ) becomes 

f"-— (S Q^Uj^ghQ+i^ — ^ abcde X-T—j^) ej = . 

Let us elaborate the second term in parenthesis. We can write 

<^ abcde X- T—i^ej = eabcdeX- (1—11+11+) . ^Cj 

= eabcdeX^- (n+r^n+)/6, 

/I , ve TT cd jr j 



(B.35) 



(B.36) 



~8 Uj^abL\i' 1 



(B.37) 



37 



where in the first equahty we used e = Il+e twice, in the second we noted that X = XfT^- 
commutes with eabcde^-^—, in the third we used the completeness relation (3.24), and in the 



last we recalled (|B.15|). So (|B.36|) becomes 

(5- + Q-^g;) .3 



f 



aab 



jr 



0, 



(B.38) 



which is satisfied by (B.4). 



This concludes our proof that the gaugino equation (B.8) is equivalent to (B.2), (B.3) 



and (B.4) once the constraint (3.34) on the spinor is taken into account and the choice of 
W-L. is made. 
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